We investigate the disk harmonic basis functions as an alternative to the Zernike basis functions and their application to fast, analytic adaptive optics simulations which require a large number of degrees of freedom.
Introduction
Fast, analytic models have been created to examine the expected performance of adaptive optics (AO), multi-conjugate AO ( M C A O), and ground layer AO ( G L A O) systems using the Zernike basis functions [1] . The simulation performance using this approach is dramatically faster than simulations relying on point-bypoint computation of phase maps. For example, a recent GLAO s i m ulation using 495 Zernike modes required almost one thousand times more computation time using the point-by-point approach compared with using the Zernike modal approach. The analytic manipulation of modal coecients also provides increased accuracy by a voiding discrete sampling errors.
However, the coecients of the radial polynomials in the Zernike basis functions become computationally intractable when very high order, high frequency modes are required. In addition, high order Zernike functions have increasingly large radial derivatives at the edge of the unit circle which do not match the behavior of large phase screens.
In order to preserve the speed and simplicity of the modal approach t o A O s i m ulations and to extend these techniques to simulations of 30m class telescopes and extreme AO, where a large number of degrees of freedom are required, we examine an alternative basis set for representing wave-front phase. In the next section we review the disk harmonic (DH) basis functions and discuss their advantages over the Zernike basis for modal calculations. Finally, w e present the coordinate transformation relations necessary to perform these simulations.
Disk harmonic functions
The real form of the disk harmonic (DH) functions [2] (1) where = jmj. These functions form a complete, orthonormal basis dened on the unit circle and are separable into radial and azimuthal functions. A complex form of the DH functions, using complex exponentials, also exists, but in practice we nd it more convenient to use the real basis set. The radial functions, R nm (r) = a nm J m (k nm r), are derived from the Dini Fourier-Bessel expansion [3, 4] (2) This normalization is chosen to facilitate the calculation of an aperture weighted phase variance [5] for the DH expansion coecients over a circular pupil. DH functions have been previously used in image processing for pattern recognition [2] .
The disk harmonic basis is the set of eigenfunctions of the Laplacian on the unit circle, just as the Fourier basis functions are eigenfunctions over the unit square. The DH basis set is less compact than the Zernike basis but remain computationally tractable for very high radial and azimuthal frequencies and have been constructed to have a radial derivative of zero at the edge of the unit circle. 
The functions p r (r; ) m ust be bounded and integrable on the unit circle (UC). 
A real phase function, (r; ), can be accurately approximated by a nite set of coecients, nm , i n t h e shifted coordinate system, given by equation 7, since [7] jJ n (nz)j z n e n p 10z 2 . Fast, analytic MCAO s i m ulation codes are now being developed which represent atmospheric turbulence and deformable mirror corrections as vectors of coecients for DH modes. Using the coordinate transformations above, the inuence matrix representing the impact of atmospheric turbulence at each l a yer within the intersecting area for each laser or natural guide star can be computed analytically. The net residual aberration for an object at innity, imaged by the MCAO system, can also be computed. This modal approach c a n eectively model systems with a large number of degrees of freedom such a s s i m ulations of 30 m class telescopes and extreme AO. For example, a DH basis set including over 20;000 modes has been recently used to compute phase map coordinate transformations and structure functions without computational diculties.
